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A pair of coupled nanomechanical resonators are used in a novel way to amplify a weak signal.
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The small size of micro- and nanomechanical res-
onators, combined with the slow decay of their vibra-
tional modes, enable numerous applications of these de-
vices—from the studies of macroscopic quantum phe-
nomena [1, 2], to mass detection with single-atom sensi-
tivity [3, 4], to imaging with single-atom and single-spin
resolution [5]. An important feature of nanoresonators
is the vibration nonlinearity, which becomes significant
even at small vibration amplitudes. It allows investigat-
ing a broad variety of nonlinear phenomena, including
basic phenomena such as bifurcations, where the num-
ber of stable states of the system, or the character of mo-
tion, change with varying parameters. A typical exam-
ple is the onset of parametric resonance, where a res-
onator starts vibrating at half the frequency at which it is
modulated. Nonlinear dynamics near bifurcation points
is particularly interesting as it is controlled by one, or a
few, slow variables [6] and displays universal system-
independent features, such as scaling behavior.

In a paper published in Physical Review Letters, Ras-
sul Karabalin and colleagues [7] from Caltech, US, and
Tel Aviv University, Israel, propose and implement a
new bifurcation-based amplification scheme using cou-
pled nanoresonators and demonstrate that it can be em-
ployed for robust small-signal amplification. The results
bear not only on the fast expanding field of bifurcation-
based amplification [8], but also on the physics of clas-
sical and quantum fluctuation phenomena in nonlinear
vibrational systems, and on the dynamics and fluctua-
tions near bifurcation points.

Conventional bifurcation amplifiers utilize bifurca-
tions where, as the input changes, the state occupied
by the system disappears and the system switches to a
different state. For example, in Josephson bifurcation
amplifiers used in quantum measurements, the system
switches between vibrational states with different am-
plitudes and phases [8]. This is similar to magnetiza-
tion switching in single-domain magnets once an exter-
nal magnetic field exceeds a critical value. The bifurca-

tion amplifier by Karabalin et al. works in a different
way. Here, as the control parameter is varied, the sys-
tem goes to the state with either large or small output,
depending on the input signal; that is why the authors
call the device a bifurcation-topology amplifier.

Their system is sketched in the top panel of Fig. 1.
It consists of two nearly identical nanoresonators, 1 and
2. The eigenfrequencies ω1 and ω2 of their fundamen-
tal flexural (bending) modes are close in value by de-
sign. The modes are underdamped, allowing a strong
response in resonant conditions. The stiffness of the res-
onators, and thus the values of ω1 and ω2, is modulated
at a frequency ωp close to 2ω1,2. For a single resonator,
such modulation can lead to parametric resonance with
the onset of two vibrational states that have equal am-
plitudes and frequency ωp/2 but differ in phase by π.
In the experiment, the vibrations are detected by opti-
cal interferometry using a laser beam reflected from the
resonators.

The key feature of the amplifier is that the distance
between the resonators is small compared to the laser
beam diameter. Therefore, the optical response is large
if the resonators are vibrating in phase, as in this case the
reflected signals coherently interfere; if the vibrations
are in counterphase, the reflection is suppressed. The
idea put forward by Karabalin et al. is that the relative
phase of the resonators can be controlled by a weak in-
put signal, which will then trigger a large response with
amplitude determined by the amplitude of the paramet-
rically excited vibrations.

The resonators are parametrically excited by ramp-
ing up the modulation frequency ωp across the bifur-
cational values ωB1,2. Let us assume that resonator 1
is slightly “softer” than resonator 2, i.e., ω1 < ω2 and
ωB1 < ωB2. Then, if we start from low ωp, resonator
1 will be excited first, once ωp reaches ωB1. If the res-
onators are uncoupled, resonator 2 will be excited later,
at ωp = ωB2. Its phase can be close or opposite to the
phase of resonator 1, with equal probability. Because the
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FIG. 1: (Top) A sketch of the system, which is a pair of
6 × 0.5 × 0.2µm doubly clamped nanobeams with 400 nm
separation. The beams were illuminated by an infrared laser
focused to a spot of 10µm and the reflected signal was de-
tected. (Bottom) The effective potential for the slow coordi-
nate q2 of the higher-frequency nanobeam for different values
of the modulation frequency ωp; |q2| gives the scaled ampli-
tude of the vibrations at frequency ωp/2, whereas the sign of
q2 determines their phase. (Credit: Alan Stonebraker)

vibration amplitudes increase near bifurcation points as
(ωp − ωB1,2)1/2, depending on this phase, the output
signal of the two resonators will either quickly increase
or decrease with the increasing ωp.

The situation is different if the resonators are interact-
ing. Since the vibration amplitudes are small compared
to the inter-resonator spacing, the force on one resonator
from the other is approximately linear in their relative
displacement. Once resonator 1 is excited with increas-
ing ωp, it exerts a periodic force on resonator 2 at fre-
quency ωp/2. This force lifts the degeneracy of the vi-
brations of resonator 2 with opposite phases [9, 10].

Both the force and the displacement of resonator 2 in
a stable vibrational state become approximately time-
independent if one switches to a reference frame rotat-
ing at frequency ωp/2. Resonator 2 then is reminiscent
of a system that undergoes a symmetry-breaking transi-
tion in the presence of a static field. As such, it can be de-
scribed by the Landau mean-field theory with an order

parameter q2 that moves in a potential U(q2), shown in
the bottom panel of Fig. 1. The minima of the potential
correspond to stable vibrational states with amplitudes
∝ |q2| and phases that depend on the sign of q2; for the
values of q2 with opposite signs and the same |q2|, the
phases differ by π.

With no interaction, the potential U(q2) is a symmet-
ric quartic parabola. Its shape varies with ωp from a sin-
gle well for ωp < ωB2, with the minimum at q2 = 0,
to a double well for ωp > ωB2. The wells are located at
equal and opposite in sign q2, and they are equally likely
to be occupied once ωp crosses ωB2. The weak biasing
force from the interaction breaks the symmetry. It shifts
the minimum of U(q2) slightly away from q2 = 0 for ωp
below ωB2. But now, with increasing ωp, the system fol-
lows the trough of U(q2), as shown in the bottom panel
of Fig. 1, and the choice of the well is no longer random.

As seen in Fig. 1, |q2| at the potential minimum
sharply increases with ωp for ωp > ωB2. This leads to
the amplification by the bifurcation amplifier, with the
input signal being the biasing force and ultimately the
coupling between the nanoresonators. It is clear from
qualitative arguments, and also follows from the analy-
sis that, if the interaction between the resonators is at-
tractive, the resulting phase of resonator 2 is close to the
phase of resonator 1, whereas for repulsive interaction
the resonators are in counterphase.

In the experiment, the amplified signal is determined
by the voltage between the top and bottom surfaces
of the nanobeams, which are GaAs layered structures.
The voltage leads to the same-sign polarization of the
nanobeams, and thus to their repulsion (characteristic
of parallel electrostatic dipoles). The dc component
of the voltage is adjusted so as to compensate for the
residual attraction from the elastic coupling through the
shared support. The signal itself is the additional volt-
age Vin(t). The net coupling between the nanobeams is
proportional to Vin(t) and can correspond to either at-
traction or repulsion.

To understand the observed response, it is neces-
sary to take into consideration the noise in the system.
The sensitivity to noise is particularly high where ωp
goes through the vicinity of ωB2, as here it is compar-
atively easy to sway the system between the troughs of
U(q2), causing loss of information about the bias. How-
ever, even where the signal is weak compared to the
noise, it still leads to the preferred occupation of the
deeper trough. The situation is somewhat reminiscent
of stochastic resonance in a bistable system, where, in
the presence of noise, even a weak input signal modu-
lates the state occupations. In both cases, the effect of a
weak signal is described by linear response theory, but
for the present bifurcation topology amplifier it depends
on the ratio of the signal to the square root of the noise
intensity, rather than to the noise intensity in stochas-
tic resonance [11]; it also depends on the rate at which
ωp is swept. The developed theory is not limited to lin-
ear response and provides a quantitative prediction of
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the dependence on the resonator coupling of the proba-
bilities of occupying the states with close and opposite
phases. Both linear response and the interesting char-
acteristic nonlinear effects are clearly seen in the experi-
ment.

Already in this first experiment, a signal Vin = 1 mV
is resolved that corresponds to∼ 70 electrons on the res-
onators’ electrodes. The analysis of the noise sources
indicates that a significant enhancement of the charge
sensitivity, potentially up to ∼ 10−5e/

√
Hz, should be

attainable by going from the present device, with fre-
quencies ω1,2/2π ∼ 13 MHz, to an optimized GHz de-
vice operating at cryogenic temperatures. This opens a
new area of applications of nanoelectromechanical sys-
tems. Moreover, the proposed highly sensitive bifurca-
tion amplifier can also be implemented with other sys-
tems, for example, with nonlinear microwave cavities
where parametric excitation was recently demonstrated
in the quantum regime [12]. Besides applications, this
may lead to a better understanding of quantum and
classical fluctuations in systems far from thermal equi-
librium.
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